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Modeling of compressible wall-bounded turbulent flows relies on the hypothesis of Morkovin, who suggested that
compressibility effects on turbulence could be accounted for by the mean density variations alone. This hypothesis
has been shown to yield good results for the mean velocity and mean temperature fields when the incompressible
turbulence models are extended directly to calculate compressible turbulent boundary layers. However, its ap-
plicability for the turbulence field has been less closely scrutinized. The reason is the lack of sufficiently detailed
compressible turbulence data for comparison. Such data are now becoming available. Therefore, the purpose here
is to assess the applicability of the Morkovin hypothesis to the turbulence field using direct numerical simula-
tion data of a supersonic, flat plate boundary layer. A near-wall Reynolds-stress closure based on a quasi-linear
pressure-strain model is used to calculate this supersonic, boundary-layer flow. Comparisons between calculations
and direct numerical simulation data show that the Morkovin hypothesis is just as applicable for the turbulence
field and there is a dynamic similarity between the near-wall turbulence field of an incompressible and a com-
pressible wall-bounded turbulent flow. In addition, the validation of this model is reported for compressible flow
calculations covering a wide range of Mach numbers with adiabatic and constant-temperature wall boundary
conditions. These results show that the model yields good predictions of flat-plate turbulent boundary layers up to

a Mach number of 10.31.

Introduction

URBULENCE modeling plays an important role in computa-
tional fluid dynamics, which is used extensivelyas a tool in the
design of advanced aircraft. These aircraft are usually designed to
fly at supersonicspeeds, and associated with the advanced designs,
a host of new problems such as shock/boundary-layerinteractions
with turbulence amplification and flow separation occur. Not much
is known aboutthese flow problems, particularly the physicsof wall-
boundedandseparatedcompressibleturbulence. A knowledgeof the
near-wall flow is of crucial importance if these flows are to be pre-
dicted. This, in turn, depends on the ability to model compressible
turbulent boundary-layer flows. To model near-wall compressible
turbulent flows correctly, an asymptotically correct near-wall in-
compressible turbulence model has to be formulated first. A fairly
complete review of incompressible models has been given by So et
al.! Altogether, eight models were reviewed. The models discussed
were quite similar in that they were based on the high-Reynolds-
number pressure-strain model of Launder et al.? or its variations.
Some models were not asymptotically correct because they were
formulated to satisfy the exact wall boundary conditions for the
Reynolds stresses only.>* Others failed to predict the anisotropy of
the normal stresses near a wall.> Still others failed to give a correct
behavior for the dissipation rate of k, the turbulent kinetic energy,
near a wall.®”8
A careful examination of the failures of these models and the
available experimental and direct numerical simulation (DNS)
data®” 1 reveals that several characteristics should be present in a
near-wall model if it is to replicate the turbulence statistics correctly.
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First and foremost is the gradual disappearance of the influence of
the near-wallcorrections. However, this conditionis not entirely sat-
isfied by existing models.! As a result, the von Kérmén constant is
calculatedincorrectly and found to depend on the Reynolds number,
which is not consistent with experimental and DNS data.'® Second,
the predicted behavior of the dissipation rate of k£ should have the
right trend compared with DNS data. Third, the model should yield
the correct near-wall asymptotes for the Reynolds stresses. Because
existing near-wall models fail to predict some or all of these charac-
teristics correctly, an alternative near-wall model has to be sought.
One such model has recently been put forward.!” This model is
based on the quasi-linearpressure-strain (SSG) model,'® which has
been shown to yield the logarithmic law of the wall correctly with-
out the use of pressurereflection terms even when wall functionsare
invoked.!” The model has been validated against a wide variety of
experimental and DNS data with vastly different Reynolds number
and has been demonstrated to best reproduce the aforementioned
characteristics and the effects of Reynolds number.!”-2° Therefore,
this near-wall model'? appears to be a good candidate for extension
to compressible flows.

The extensionto compressibleflows is quite straightforwardif the
Morkovin hypothesis’' can be invoked and the equations are writ-
ten in terms of Favre-averaged variables. This hypothesisallows for
the use of variable density extensions of existing incompressible
turbulence models to compressible turbulence. For compressible
turbulence, it is further suggested that the dissipation rate ¢ could
be decomposed into a solenoidal part ¢; and a compressible part
g. so thate = g, + &, (Ref. 22). The solenoidal dissipation rate is
associated with the energy cascade; therefore it approaches the in-
compressible limit correctly. In view of this and consistent with the
Morkovin hypothesis, ¢, is neglected in most formulations and ¢ is
taken to be given by ¢, alone. These two approximations together
imply that the turbulencestatistics are only altered by compressibil-
ity effects through changes in the mean density. The soundness of
these assumptions for the mean field has recently been demonstrated
by a number of studies that essentially verify their validity over a
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freestream Mach number M, range of 2.24-10.31 with adiabaticas
well as constant temperature wall boundary conditions >*~2 How-
ever, their validity for the turbulence field has not been adequately
demonstrated. The conventional wisdom is that, if the hypothesis
is valid for the mean field, it could be assumed to be equally valid
for the turbulence field 2>~ Also, the asymptoticanalyses'’ used to
deduce the near-wall corrections for the Reynolds-stress equations
are carried out for incompressible flows only. Their extension to
compressible flows needs verification.

Up to now, detailed turbulence statistics have not been used to
justify the application of the Morkovin hypothesis to the model-
ing of a compressible turbulence field. This is partly due to the
lack of credible measurements of compressible turbulence near a
wall, which are extremely difficult to obtain. With advances made
in DNS of incompressible turbulence, it is now possible to simulate
spatially evolving, compressible turbulent flows at Rey = U0 /v
of approximately 5.4 x 10 (Ref. 29), where U, is the freestream
velocity, 6 is the momentum thickness, and v, is the freestream
kinematic viscosity. Because the near-wall turbulence model'” has
been shown to be valid for wall-bounded flows with low as well as
high Reynolds numbers, its extension to compressible flows would
be best verified using the most recent DNS data?® on supersonic
turbulent boundary layers. Therefore, for the first time, the applica-
bility of the Morkovin hypothesis to the turbulence field could be
examined in detail and its validity assessed.

There are three objectives in the present study: 1) to assess the
validity of the Morkovinhypothesis for the compressible turbulence
field; 2) to examine the extension of the incompressible asymptotic
analyses to compressible flows and, hence, indirectly to establish
the dynamic similarity behavior of the incompressible and com-
pressible turbulence field near a wall; and 3) to verify the general
validity of the near-wall Reynolds-stress model for compressible
wall-bounded turbulent flows with a wide range of M, and adi-
abatic as well as constant-temperature wall boundary conditions.
These objectives are accomplished by comparing the model cal-
culations with the recently obtained DNS data of a compressible
boundary layer at M, =2.25 on an adiabatic wall** and other ex-
perimental measurements at M, varying from 2.87 to more than 10
with thermal boundary conditions given by adiabatic and constant
temperature walls.30~33

Mean Flow Equations

For compressible turbulent flows, the mass, momentum, and
energy equations are usually written in terms of Favre-averaged
quantities where a density-weighted average is used to decom-
pose the fluctuating quantities, besides pressure and density, into
a mass-weighted mean part and a mass-weighted fluctuating part.
On the other hand, the pressure and density are decomposed using a
Reynolds average, which results in a Reynolds-averaged mean part
and a Reynolds-averaged fluctuating part. For any variable F, the
mass-weighted mean is denoted by F, the mass-weighted fluctuat-
ing partby f, the Reynolds-averagedmean by F', and the Reynolds-
averaged fluctuating part by f’. The fluid density is taken to be p,
the dynamic viscosity u, the thermal conductivity &, the pressure
p, the velocity vector U;, the temperature ®, the specific heat at
constant pressure C,, and the gas constant R. Neglecting real gas
effects, bulk viscosity,and body forces, one can express these mean
flow equations in Cartesian tensor form for an ideal gas as

dp+ (U =0 ()
8,(U) + (pUU)).; = =P = 3(aU, ).
+ [ﬂ(ﬁf.j + 0,'.[)].1 —(oTij),; )
8,(5C,0) + (5U,C,0), = 3, P+ U, B, + i, P, +u pl.
+&[jl~][.j +oiu;; + pe — (ﬁé,;Qf).f + k®.,) 3)
P = /5RO 4)

where 9, is the time derivative,(-) ; denotesa gradient with respectto
the spatial coordinate x;, the Einstein summation conventionapplies

to repeated indices, and the kinematic Reynolds-stress tensor, the
Reynolds-heat-flux vector, and the turbulent dissipationrate are de-

finedas ;; = iu;, Q; = u;0 ,and pe = ou; ;, respectively. From
this point on, the symbol ¢ is taken to mean either the true dissi-

pation rate in incompressible flow or &, in compressible flows. The
mean viscous stress tensor is given by

C_T[j = —%ﬂﬁk.k&j + l'_L(U[.j + Uj.[) Q)]

Additional assumptions are made in the course of deriving Egs. (1-
5), and these are the neglectof turbulentfluctuations of the dynamic
viscosity, the thermal conductivity, and the specific heats. Also, the
velocity-pressure gradient correlation u; p’; can be written in the
equivalentform® as
up; = —(pROW) ; + (5Ru0); — p'u, ©
From these equations, it can be seen that, to achieve closure,
models are required for 7;;, Q;, &, the pressure dilatation correla-
tion p'u;;, and the mass flux vector ;. The near-wall Reynolds-
stress model'” is extended to compressible flows by invoking the
Morkovin hypothesis. Therefore, it is justified to neglect p'u; , and
i; in the modeling of supersonic turbulent flows. Gradient transport
isassumedfor Q; sothat —Q; = —u;0 = (v,/Pr,;)(3©/dx;), where
v, is the eddy viscosity defined by v, = —av/(3U /dy), Pr,=0.9,
and y is the normal coordinate. Because the present objective is
to assess the appropriateness of the Morkovin hypothesis, this as-
sumption for the turbulent heat flux is acceptable. As will be seen
in the next section, heat flux modeling does not affect the calcula-
tions of the Reynolds stresses directly other than to influence the
determinationof the mean density. The same is also true of Egs. (1-
3). Therefore, a lower-level heat flux model is still appropriate. One
pointto noteis that, when v, is evaluated numerically, modifications
are made to avoid division by zero near the edge of the boundary
layers.

Modeled Reynolds-Stress Equations

The compressible Reynolds-stress equation written in the same
form as its incompressible counterpartis given by

9 (pTij) + (01(,52',').1( =pDjy i +pCijck + pFyj
+pM0, — pei; + pTI{ + pMy; (7
where _p_D[”jk_k = (u}a}k+u}a[’k)_k and pCiji = —(ﬁmk +puibi

+ p’u’jék,- ).« are the viscous and turbulent diffusion tensors, respec-
tively; pP;; = (—pt; U, x — pt;»U; ;) is the production tensor;

ﬁnfj = (p/”z‘_j + p/”/j_[) - 2(17/”1/(_1(6[])/3
and
,51_[7; =—=2(p'uy ;8i;)/3

are the pressure strain-rate and dilatation tensors, respectively;
pei;=oju’; +oju;, is the viscous dissipation rate tensor; and
pM;;=u;(0jxx — P ;) +u;(0; — P;) is the mass flux variation
tensor. The last two terms in Eq. (7) arise as a result of compress-
ibility and are identically zero for incompressible flows. Therefore,
if the Morkovin hypothesis is invoked, the last two terms in Eq. (7)
should be neglected and the turbulentdiffusion, viscous dissipation,
and pressure strain-rate correlation terms could be modeled as in
constant-density flows. Consistent with this assumption, the term
p'u;,; in Eq. (6) is also neglected. Finally, the viscous diffusion ten-
sor oD}, , is approximated by (it7;;4).«- Thus simplified, Eq. (7)
can be closed by extending the incompressiblenear-wall model'” to
compressible flows. Without derivation, the models for the various
terms can be generalized as

C[jk.k =[C; (k/E)(TkIT[j.l + T + Tufjk.l)].k (8)
d __ * w

Iy, = I}, + 0} ©

& = %8% + &) (10)
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Here, IT}; is given by the high-Reynolds-numbermodel of Speziale
et al.,'® and Hz and EZ are near-wall corrections. The models for
these terms can now be written for compressible flows as

H;kj = —(2C1£+Cfﬁ)b[j+C2£(b[kbkj—§l_[8[j)—C(l(P[j_%ﬁfs[j)
— B (D[j - %ﬁ&‘j) - 2[}’1 + (C;‘/Z)H%]k&j (an

N7 = fu[(2Cie + C; P)by; — Cae(byby; — 1115;))

+o(P; — 2Ps;) +2y*kS, ]+ 17 (12)
[ 9 ou; 9 [ _ouur
HP = —=| — l_)M nn; +—(v Ujug nen,
ij 3L0x 0x; ax; ax;
1 9 (_ouzu;
+§8xm (U 8)];,,1l>nkmnmj (13)
2 & (T + tuyn; + Tnen; + nintyngn

gl = fu ——E&j-i-—(j L e RLaads AZLI)
/ 3 k (1 +3Tk1nknl/2k)

(14)

where D;; = —(ty Uy j + Tje Uk i) S[j =, + Uj_[)/2,k =1;/2is
the turbulentkinetic energy, P = P;; /2, and the turbulent Reynolds
number is defined as Re, = k? /ve. Finally, the anisotropic tensor b;;
and the damping function are given by b;; = (u;u; — 2ké;;/3)/2k
and f,,; = exp[—(Re, /200)?], respectively.

The dissipationrate ¢ is assumed to be approximately equal to &;
whose modeled equation, similar to its incompressible counterpart,
can be written for compressible flows as

3,(pe) + (pelUy) x = (fiex) s + [Cop(k/e)Tiie
+C,i(e/k)pP — Coy(peE k) + pé (15)

A generalization of the near-wall correcting function £ for com-
pressible flows is given by

£ = fual—L(e/k)P + M /k) — N(c&/k)] (16)

In Eq. (16), & and & are defined by & =& —20(d+/k/dx,)* and
& =¢ — 2vk/x3, respectively,and the damping function is given by
fuz = exp[—(Re; /40)?]. Finally, the boundary conditions for the
mean and turbulent velocity field are given by

2
N (Lﬁ> (17
ay

where y is the wall normal coordinate. The model constants are all
taken to be the same as those given for the near-wall SSG model.!”
They are quoted here for reference: C, =1.7, C,=4.2, C} = 1.8,
C;=13, a;=04125, B,=0.2125, y;=0.01667, C,=0.12,
C.1 =150, C., =1.83, a*=-0.29, y*=0.065, L=2.25, M =
0.5,and N =0.57.

Results and Discussion

The boundary-layercode of Andersonand Lewis*® is modified for
the present calculations. A nonuniform grid with 101 points in the
wall normal direction is used, and the boundary layer is calculated
to the same Re, as the data set where comparisons with data are
carried out. Therefore, the results are free of inlet condition effects
when Re, is relatively large. Furthermore, the question of transition
does nothave to be addressed when comparisonsare made at a given
Rey. Comparisons of turbulence statistics are made solely with the
DNS data set.” To draw conclusions on the appropriatenessof the
asymptotic analyses and the validity of the Morkovin hypothesis
for the turbulence field, a comparison of the turbulence field for
both incompressible and compressible turbulent flat plate boundary
layers is desirable. Two sets of reliable incompressible data are
selected for this purpose; one is a set of DNS data,'” and the other
is a set of experimental measurements.!! The corresponding Re,, for
these two sets of data are 1.41 x 10° and 2.42 x 10%, respectively,

and bracket the reduced Re, of the DNS compressible flat plate
boundary-layerdata.?

Comparisons with measurements, on the other hand, are made
with the measured mean velocity, mean temperature, and C; only.
In compressible boundary layers over adiabatic walls, the mean
temperature profiles are not measured separately. Rather, they are
interpreted from the mean velocity profiles by assuming the total
enthalpy across the boundary layer to be constant. As a result, the
temperature comparisons are not very meaningful for the flow cases
with an adiabatic wall. From the measured mean velocity profiles,
the von Kdrmdn constant can be determined depending on whether
the mean velocities are reduced in the conventional way*’ or by in-
voking the van Driest transformation*® Two von Kdrman constants
are deduced, and they are denoted by « and «, for the conventional
way and the van Driest transformation, respectively.

The conventional law of the wall*’ for compressible boundary
layers can be deduced by invoking the Morkovin hypothesis?! the
dimensionalargumentsof Millikan,*® and the assumptionof an over-
lap between the inner and outer layers. The result is given by

1
Ut=—— fuy* + B(B,, M., y, Pr, 18
<, B,y v T BB My Pra) (9

where u, = (tu/pw)'?, ¥ =y /vw, By=Qut/(puCpu:0,),
M, =u./a,, Pr,=(C,uy)/k,,a, is the sound speed evaluated
atthe wall, and y = (C,, /C,),, is the ratio of the specific heats eval-
uated at the wall. Here, the subscript w is used to denote values
evaluated at the wall, Q, is the total heat transferrate, and k,, is the
fluid thermal conductivity evaluated at the wall. The von Karmén
constant « is parametric in M, B,, and y, whereas the intercept
is not only parametric in these variables but also the Prandtl num-
ber evaluated at the wall, Pr,,. On the other hand, according to van
Driest,*® the law of the wall for compressible boundary layers can
be written as

0 -
U+=E=L/ (L)
¢ U, Ur Jo Pw

Here, . is the corresponding von Kdrmdn constant and U, is the
transformed mean velocity.In Eq. (19), B. is the intercept; however,
unlike B in Eq. (18), its parametric dependenceis not entirely clear.
The determinations of x and «. are compared in Table 1, where,
in addition, the various measured and calculated C, are compared.
Note that the van Driest transformation is just another way of look-
ing at compressible boundary layers. The validity and extent of this
transformation has not been fully verified in the past. Therefore, it
would be beneficial to compare this scaling argument with the more
traditionalapproach for the compressibleboundary-layercases con-
sidered here.

Altogethersix different flow cases are selected to test the models.
They are the heated wall case’™ where M, =2.87 and ©,/0,, =
1.10, the DNS case* where M, =2.25 and ®,/0,, =1.0, the
adiabatic wall cases®-*! collected in Ref. 33 where M, = 4.54 and
10.31 and ©,,/ O, = 1.0, the slightly cooled wall case’* where
My, =5.29 and ©,,/0,, =0.92, and the high M, highly cooled
wall case®* where M, =8.18 and ©,,/®,,, = 0.30. Here, ®,, is the
wall temperature and ©,,,, is the adiabatic wall temperature. Not all
of the resultsare shown; only selected cases are presented. However,
all measured and calculated C/, «, and «, are compared in Table 1.

o=

.
dU = — by} + B, (19)
Ke

Turbulence Field Validation

The turbulence statistics near a wall can be expanded in terms of
y. For incompressible flows, the near-wall variables are the friction
velocity and the normal distance from the wall.!” Furthermore, ac-
cording to the Morkovin hypothesis, compressibility effects can
be accounted for by the mean density variations alone. Therefore,
this suggests that inner layer similarity between incompressible
and compressible flows can be compared if the near-wall vari-
ables are defined by including the mean density and made di-
mensionless by the fluid properties evaluated at the wall. Denot-
ing k* = pk/pyuZ;uvt = puv/p,ul; et = pev, /p,ut;and u’, v,
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Table1 Comparison of the calculated and measured k, k., and Cy X 103

Experimental/DNS data

Model calculation

Reference (:)w / (:),m M Rey K Ke Cy x 10° M, K Ke Crx 10°
34 0.3 8.18 4.6 x 10° 035 0.29 0.98 0.52 040 0.28 1.05
32 0.92 5.29 3.936 x 10> 048 0.34 1.31 0.28 0.44 0.29 1.12
31 1.0 10.31 1.5074 x 10* 0.54 028 0.24 0.21 0.58 0.29 0.20
30 1.0 4.54 5.32 x 10° 041 0.28 1.26 0.28 041 0.29 1.18
29 1.0 2.25 5.4 x10° 043 041 2.20 0.17 0.41 041 2.10
11 1.0 0 242 x 10° 041 — 3.54 0 041 —— 3.63
10 1.0 0 1.41 x 10° 041 — 4.10 0 041 —— 4.01
35 1.11 2.87 83899 x 10* 052 037 1.10 0.13 0.51 0.35 1.15
and w' = (pu/p,u?)'?, (pv?/p,u?)'?, and (pw?/p,u?)"?, re- 350 L M Model ®e) L
spectively, the expansions for the turbulence statistics in terms of Lo 0" © 14160W s
4+ 4+ . - A /3 _k'
y* =y, =yu./v, canbe written as ol ° 0 20 T
Lo 225 --- 1700 o
K =ayt? byt (20a) I o
uvt = a, ¥ + byt + - (20b) 15 ¢
Ul U* = (1/0.41)(Iny™") + 5.0
e" =2a; + 4byt + - - (20c) o b \/99"
u =a,yt +b,yr 4+ (20d) [
vV =a,y + byt 4+ (20e) 5 *
w’=awy++bwy+2+--- (201) 0' et I T E T BTN R
0.1 1 10 y" 100 1000

where a; and b; are coefficients in the expansions for k*, uvt,
u',v', and w'. Here, y* is also used to denote y; for compressible
wall-boundedflows. Therefore, the ratiosk+ /e*y*2 and (a? + a2 +
a?)/ay are exactly % and 2, respectively, at the wall, and #” and w’
vary linearly with y*, whereas v’ and k* vary quadratically with
y*. At the wall, ™ is a constant. In all previous calculations of in-
compressibleflows,'” the ratios k* /e * y*? = L and (a2 4 a2 +a2)/
a, =2 are recovered correctly. This means that the near-wall
Reynolds-stress model is internally consistent and asymptotically
correct for incompressible internal and external flows. Therefore,
any deviation from these values is an indication of the inadequacy
of the near-wall model. The present objectives are to show that
expansions (20) are also applicable for compressible flows, which
then verifies that there is indeed a dynamic similarity between the
incompressibleand compressibleturbulencefield. In turn, this lends
credence to the assumption of the Morkovin hypothesis for the tur-
bulence field near a wall.

A two-step process is used to verify these points. The first step is
a comparison of the compressible turbulence field with an incom-
pressible field at about the same Rey. To carry out this comparison,
a reduced Re,, which is defined as the Re, calculated using fluid
propertiesevaluated at the wall rather than in the freestream, is intro-
duced. The symbol (Re,),, is used to denote this Reynolds number.
The Re, of the DNS dataset is ~5.4 x 10°. On reduction, the (Rey),,
becomes 1.7 x 10°. The incompressible data selected are the DNS
dataof Spalart'® and the measurementsof Karlsson and Johansson'!
with Rey of 1.41 x 10° and 2.42 x 103, respectively. Therefore, they
bracket the (Rep),, of the compressible DNS data. In the following
comparisonsof the turbulencestatistics,the Reynolds numbers spec-
ified are the (Rey),,. The second step is a comparison of the model
calculations with the DNS/experimental data for both compressible
and incompressible flows. Because the incompressible flow cases
have already been calculated,'’ their results are used in the present
analysis. Thus, the ability of the model to predictincompressibleand
compressiblenear-wall turbulence can be analysedin detail as well.

A comparison of the mean velocity in the conventional law
of the wall and the van Driest law-of-the-wall plot is shown in
Figs. la and 1b. Here, y* also denotes y; for compressible flows.
In Fig. 1a, three sets of data and calculationsare plotted. For incom-
pressibleflow, the calculationsare in good agreement with DNS data
in the sublayer, the buffer, and the log-law regions. The agreement
extends to y* ~200. In the log-law region, the model calculations

Fig. 1a Comparison of the U™ behavior for incompressible and com-
pressible flows.
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y

Fig.1b Comparison of the U} behavior for compressible flows.

and the incompressible flow data yield a ¥k =0.41. For compress-
ible flow, the calculations are in good agreement with DNS data
only in the sublayer and buffer regions. Agreement in the log layer
extends only to y* 22 100. Thereafter, the DNS data are consistently
lower than the calculation. This gives rise to different « for the log
law; for the DNS data x = 0.426 is determined, whereask = 0.41 is
obtained for the model calculations. Up to y* & 60, the incompress-
ible and compressibledata and calculationsare essentially identical.
Therefore, they show thatinner layer similarity is still valid for com-
pressibleboundarylayers. The van Driest plots are shown in Fig. 1b;
only the compressible DNS data and the model calculationsare plot-
ted. It can be seen that the predictions are in close agreement with
the DNS data and «, is determined to be 0.41 for both DNS data
and model calculations. The intercept B, thus obtained is found to
be about 5.0 also. This supports the use of a van Driest transforma-
tion for compressibleboundary layers with adiabatic wall boundary
condition at the M, and Re, considered.

The plots of u’, v, and w’" are shown in Figs. 2a-2c, respectively.
They are plotted in semilog form to illustrate inner layer similarity
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Fig. 2a Comparison of the u' behavior for incompressible and com-
pressible flows.
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Fig. 2b Comparison of the v' behavior for incompressible and com-
pressible flows.
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Fig. 2c Comparison of the w' behavior for incompressible and com-
pressible flows.

or lack thereof. This way, the asymptotic behavior of the turbulence
statistics can be clearly shown. The u’ statistics of the incompress-
ible boundary layers at two different Reynolds numbers are calcu-
lated correctly near the wall (Fig. 2a) but not the behavior of v’
and w’ (Figs. 2b and 2¢). Similar trends are also observed for the
compressible boundary layer. Note that the discrepanciesshown in
Figs. 2b and 2c¢ for v and w’ are common for both incompressible
and compressible flows and could be attributed to model deficiency.
Inner layer similarity is displayed by the data for all turbulence
statistics shown (Figs. 2a-2c). The exception is the experimentally
measured w’. The reason for this discrepancyis notknown. It cannot

be due to measurement inaccuracy; otherwise, this would be more
likely reflected in the measurements of v’ rather than w’ because
the measurements of the wall normal component are known to be
less accurate than the streamwise and transverse components for
both hot-wire and laser Doppler anemometers. In the inner region,
the compressible DNS data are essentially identical to its incom-
pressible counterpart. The similarity region extends to y* =~ 20, de-
pending on the statistics examined. Beyond this region, both data
sets display the same trend even though they are not in quantitative
agreement with each other. There is one difference, though, and that
is the more prominent plateau and the higher peak.

In general, the peaks reached in the compressible statistics are
higher than the incompressible ones. This is due to compressible
heating of the fluid and is evident from the u’, v’, and w’ difference
between the compressible and incompressible data in the region
20 < y* < 1000. The model calculations also show a similar heat-
ing effectin the v’ component (Fig. 2b). However, the extent is very
limited, and the intensity is much less, particularly around the peak
region. Consequently, the peaks in the calculated turbulence statis-
tics are lower than those shown in the DNS data. The heating effects
are derived from the neglected term p’u;, in Eqs. (6) and (7) and
the terms i;, ,51'[?1.’ . and pM;; in Eq. (7). Prominent in these
neglected terms is p'u;,, which is identically zero for incom-
pressible flow but finite for compressible flow. The term u;; is
the divergence of the Reynolds fluctuating velocity and represents
the volume change resulting from compressibility. Therefore, the
term p’u; , represents pressure dilatation resulting from compress-
ible heating effects. It is obvious that the model, which is based on a
set of simplified equations, fails to replicate the compressible heat-
ing effects correctly. If these effects are to be accounted for properly,
most likely the neglected terms, such as p'u} ,, i;, ,51'[?1.’, pM;;, etc.,
have to be restored in Eq. (7). In spite of this discrepancy, it can
be said that the assumption of dynamic similarity of the turbulence
field between compressible and incompressible flows is still appro-
priate. Therefore, the Morkovin hypothesis can also be assumed to
be approximately valid for the turbulence field, at least in the inner
region, 0 < y* < 20.

Recently, the work of Sarkar*® and Simone et al.*' suggested that
compressibility effects distinct from the variation of mean density
occur when the gradient Mach number M,, defined with respect to
the mean velocity gradient, a turbulence length scale, and the local
speed of sound, is of order 1 and that M, is small in the supersonic
boundary layer but not in the supersonic shear layer. For compress-
ible boundary layers, M, can be written as M, = M., (C;/2)"/*/«.
The M, thus calculatedfor the cases consideredhere are alsolistedin
Table 1. Itcanbe seenthat M, = 0.17 for the DNS case (M, =2.25),
but it reaches 0.52 for the highly cooled case where M., =38.18.
For the latter case, the maximum mean temperature ® within the
boundary layer is about five times that of the freestream tempera-
ture ©,, whereas it is only about 2.5 times for the DNS case (see
discussion in the following section). Therefore, the effect due to
mean density variation will be proportionally larger for the highly
cooled case. Even though M, =0.52, itis expected that the stabiliz-
ing effect of compressibility will still be relatively small compared
with the mean density effects. Together, these results, plus the mean
field comparisonsto be shown later, indicate that, for the cases con-
sidered here, compressibility effects are mainly derived from the
variation of mean density, or the stabilizing effect of compressibil-
ity on turbulence is not apparent. In other words, the Morkovin
hypothesis could still be considered valid for the cases calculated
here.

The compressible DNS uv* data (Fig. 3) show inner layer simi-
larity with the incompressible counterpartup to y* ~ 20. However,
consistent with the other turbulent normal stress comparisons, the
peak is higher than the correspondingincompressible peak value;in
acertainregionits value exceeds unity by about 1.5%. This suggests
that the actual peak value for uv™ is close to unity, and the results
computedhererepresentslightinaccuraciesin the simulationresolu-
tion or in the postprocessingof scaling quantities such as u,. Model
calculationsof uv* follow the DNS data very closely (Fig. 3) except
in aregionaround the peak. This discrepancy can again be attributed
to the inability of the model to account for the compressibleheating
effects correctly. The model calculations of the incompressible k*

1.41
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Table2 Comparisons of the asymptotic behavior of the turbulence statistics near a wall

Data Model calculations
Rey auo/aay ax  alfax (@ija) x 10° a2 jax aw/away ax  alfax (a/ax) x 10° a2 jay
1.41 x 103 0.27 0.13 143 0.8 0.58 0.057 0.144 1.36 214 0.64
2.42 x 103 0.33 0.13 1.72 2.0 0.31 0.068 0.148 1.36 21.3 0.64
1.7 x 103 0.37 0.11 147 0.45 0.52 0.13 0.133 1.30 13.8 0.60
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Fig.3 Comparisonof the —uv* behavior for incompressible and com-
pressible flows.
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Fig. 4 Comparison of the k* behavior for incompressible and com-
pressible flows.

exhibita plateauand are in agreement with the incompressible DNS
and experimental data (Fig. 4). On the other hand, the compressible
DNS result for k™ shows a much higher peak and a less prominent
plateau. The disappearanceof the plateau in the DNS data is proba-
bly due to compressible heating, which tends to promote turbulent
mixing. Because the model calculation cannot fully replicate this
effect, the predictions are not in good agreement with DNS data in
this region. Inner layer similarity is again displayed by all data and
calculationsup to y* ~ 20.

The asymptotic behavior of the turbulence statistics as given by
the leading coefficients in Eq. (20) is also examined. These coeffi-
cients are determined from the data and the model calculations and
are listed in Table 2 for comparison. It can be seen that the coeffi-
cients for the compressiblecase are essentially the same as those for
the incompressiblecases. Also, with the exception of the prediction
of a,, the other calculated results are in fair agreement with the data
for both compressible and incompressible boundary-layerflows. In
spite of the pooragreementshownin Fig. 2¢ for w’, the calculateda,,
is in fair agreement with the data. This result is consistent because
a, is determined using values limited to y* < 3, whereas the noted
discrepancy starts from this point. Further, the discrepancybetween
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Fig. 5 Comparison of the P behavior for incompressible and com-
pressible flows.
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Fig. 6 Comparison of the ¢t behavior for incompressible and com-
pressible flows.

the calculated value of a,,/a,a, and the data is due mainly to the
incorrect predictions of a, rather than a,,,,. As expected, the asymp-
totic behavior as defined by Eq. (20) and the ratios k* /e yt? =1
and (a2 + a2 +a?)/a, =2 are again calculated correctly (Table 2).
This is evident from the calculated compressible¢;, whichis 0.270
compared with an a;, =0.133.

The production and dissipation of k are shown in Figs. 5 and 6.
These quantitiesare normalized by u, and the fluid properties eval-
uated at the wall. In Fig. 5, consistent with the thin shear layer
approximations,only P* = —uv*t(@U* /dy™) is shown. For incom-
pressible flows, the P* distributions should collapse into a single
curve,'® and this has been further verified over a wide range of
Reynolds numbers.?’ Also, the location and the peak of the maxi-
mum productionrate do not vary with Reynolds number. For incom-
pressible flows,? it can be shown that the peak asymptotes to 0.25
as Re — oo. The model calculationsand DNS data of the compress-
ible flow case examined are in good agreement with each other and
display the same behavioras the incompressibleflow dataand calcu-
lations. However, the peak is greaterthan 0.25, a consequenceof the
higher peak reached in the compressible uv™ distribution (Fig. 3).
This peak is also predicted by the near-wall Reynolds-stress model.
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The good agreement between the predicted P+ and DNS data is a
consequence of the underpredictionof uv™ and the overprediction
of the mean velocity gradient. The latter factis supported by the pre-
dicted « of 0.41 compared with the DNS value of ¥ =0.426. The
location of the maximum productionrate is in good agreement with
its incompressible counterpart and occurs at y* ~ 10. This result
lends further credence to the Morkovin hypothesis for the turbu-
lence field.

On the other hand, the DNS ¢, is not in complete agreement
with the incompresible flow data (Fig. 6) as in the P comparison.
The &, distribution does not display a plateau and is lower than the
incompressiblee. Taking ¢, into accountfails to improve the agree-
ment by much because it is very small compared with &;. Both the
incompressibleand compressiblemodel calculationsand the incom-
pressibledata display such a plateau in the region 7 < y* < 12. This
region approximately corresponds to the location of the P maxi-
mum shownin Fig. 5. In spite of these differences, the compressible
DNS data for ¢ show a rise to a wall value of 0.227 and are very
close to those given by the incompressible flow. The compressible
part of the dissipation rate has very little effect on the predictions
of other turbulence statistics; therefore, its neglect is quite justi-
fied in compressible turbulence modeling applicable to flows in the
parameter range studied here.

Mean Field Validation

The selected mean flow results are compared in the following
manner. Plots of the conventionallaw of the wall and the van Driest
law of the wall are shown in parts a and b of each figure. In the
van Driest plots, Eq. (19) is also shown for comparison so that
the agreement or lack thereof between Eq. (19) and measurements
can be clearly illustrated. The mean temperatures for the adiabatic
wall cases are not compared because they are inferred from the
mean velocity measurements. However, the mean temperatures of
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Fig. 7a Comparison of the conventional law-of-the-wall plot with
measurements.
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Fig. 7b Comparison of the van Driest law-of-the-wall plot with mea-
surements.
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Fig. 8 Comparison of the mean temperature with measurements in
linear plot.

the heated and cooled wall cases are measured independentlyand are
compared in linear plots with model calculations.In the linear plots,
the mean temperature is plotted vs y/8,, where §, is the boundary-
layer thickness determined from either the measurements or the
calculations.

The measured and calculated velocity profiles of the heated wall
case®® are shown in Figs. 7a and 7b, and the C , «, and k. are com-
pared in Table 1. The von Karmdn constants are determined us-
ing Egs. (18) and (19) and by following the procedure outlined in
Ref. 37.Itcanbe seen that the model predictionis in good agreement
with the conventionalas well as the van Driest law of the wall. As far
as the predictionof C is concerned, the modeled resultis within 5%
of the measured C ;. The model prediction of the mean temperature
isin error (Fig. 8). This could be due to the fact that a constant Pr, is
assumed. According to Sommer et al.,** the turbulent Prandtl num-
ber is not constant even for incompressible flow with heat transfer
where the temperature differenceis of the order of 20°C. Therefore,
there is no good reason to expect the constant Pr, assumption to be
completely valid in this case. Sommer et al.?%->” have applied their
incompressible variable turbulent Prandtl number model*? to cal-
culate compressible flows using a two-equation model as well as a
Reynolds-stressmodel, and slightly improved agreement with mea-
surements was obtained compared with those given by the constant
Pr, assumption. Perhaps improved results could also be obtained
with the present Reynolds-stress model if the variable Pr, model*®
is used to model the turbulent heat flux. In terms of ¥ and «., the
agreement between calculations and measurements is fairly good,
and for this wall heating case, x and k. are determined to be quite
different. Their values differ from 0.41; « is more like 0.51, whereas
k. is approximately 0.37 (Table 1). This means that the van Driest
law of the wall is not quite applicable even for a compressible flow
over a slightly heated wall at fairly low M.

Three cases,rangingin M, from 2.25to 10.31, are calculated for
the adiabatic wall boundary condition. Unlike the heated wall case,
where Re, =8.3899 x 10%, the Reynolds number at the location
where measurements are available varies from a low of 5.32 x 10°
to a high of 1.5074 x 10*. These values are listed in Table 1. The
comparisons between model calculationsand measurements for the
M, =10.31 case®' are givenin Figs. 9a and 9b, whereas the calcu-
lated Cy, k, and k. for all three cases are again listed in Table 1 for
comparisons with measurements. At low M, (Fig. 1), the model
calculations are essentially identical, and the « and «, thus deter-
mined are about the same. The calculated C, for the M, =2.25
case is smaller than the DNS data by about 5%. This amount of
discrepancy is consistent with the agreement shown in the mean
velocity plots (Figs. 1a and 1b). On the other hand, the calculations
are in good agreement with data for the M, =4.54 case (Table 1).
At M, =10.31, the conventionallaw-of-the-wall plots of the model
calculationsare not in agreement with measurements (Fig. 9a). This
is due mainly to an underestimationof C s, which is in error by about
17%. When the comparisons are made in linear and van Driest plots
(Fig. 9b), the calculations correlate well with measurements. Ac-
cording to Huang et al.,?® this underestimation could be attributed
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Fig. 9b Comparison of the van Driest law-of-the-wall plot with mea-
surements.

to low-Reynolds-number effects on the wake flow not being taken
into accountproperly. If they were taken into account, the wall shear
would have been calculated correctly?® The discrepancy noted in
Fig. 9a could also be attributed to the neglect of the compressible
term in the modeled equations and the assumption of a constant Pr;,
whichmay notbe valid at these high M, . Because Pr, is knownto in-
crease sharply as a wall is approached ? the incorrectestimate of C
by the near-wall Reynolds-stressmodel could be partially attributed
to the constant Pr, assumption. At this M, k. is significantly dif-
ferentfrom 0.41. Consequently, the data points do not follow the van
Driest law of the wall (Fig. 9b). On the other hand, the conventional
law of the wall with a ¥ parametric in M, can still be used to corre-
late the mean velocity. The « thus determinedis substantially larger
than 0.41 (Table 1). Based on these comparisons, it can be said that
the van Driestlaw of the wall is perhaps most valid for compressible
flows over an adiabatic wall with low-to-medium M .

Two flow cases covering medium-to-high M, and near adia-
batic wall to highly cooled wall boundary conditions are also cal-
culated. One is the slightly cooled wall case®* with M, =5.29 and
/B4, =0.92, and another is the highly cooled wall case** with
M, =8.18and ®,/0,, = 0.30. The model calculationsare in fair
agreement with measurements (Figs. 10a and 10b) even though C,
is underpredicted by as much as 14% in the M, =5.29 case and
slightly overestimated for the M, = 8.18 case. In view of this, the
semilog plots of the mean velocity lie above the measured data for
the M., =5.29 case and below the measured data for the M, =8.18
case (Fig. 10a). Again, the mean velocities in the van Driest plots
are in good agreement with measurements (Fig. 10b). The mean
temperature prediction, on the other hand, correlates very well with
measurements (Fig. 11), and the agreement is even better than that
shown for the heated wall case in Fig. 8. Perhaps relaxing the as-
sumption of a constant Pr, could improve the predictionof C,. The
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Fig. 10a Comparison of the conventional law-of-the-wall plot with
measurements.
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Fig. 11 Comparison of the mean temperature with measurements in
linear plot.

various k. determined from the measurements deviate significantly
from0.41 (Table 1). Evenat®,,/©,,, =0.92, k. is found to be about
0.34. In other words, the van Driest law of the wall cannot suitably
describethelog-lawregionif k. is takentobe 0.41. The conventional
law of the wall shows that « is also dependenton the total heat flux,
and hence it should vary as the wall temperature ratio decreases.
Both the data and the calculations show that « is indeed decreasing
as M increases and the wall temperature ratio decreases. The er-
rors in the predicted « are larger than the other cases, but this could
be due to the assumption of a constant Pr, which is more applicable
to flows over an adiabatic wall than to flows over a cooled wall.
Finally, the asymptoticvaluesof k™ /et y™? and (a2 + a* +a2) /a,
are calculated to be % and 2, respectively, thus indicating that the
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asymptoticanalysescarried out forincompressibleflows are equally
applicable for compressible flows, even at these high M .

Conclusions

A near-wall Reynolds-stressclosure based on the SSG pressure-
strainmodel was extendedto calculate turbulentcompressibleflows.
The extensionwas carried out by invoking the Morkovinhypothesis.
Although the Morkovin hypothesishas beeninvokedbefore and has
provento be valid for the mean field, its suitability for the turbulence
field has not been demonstrated. With data from the direct numer-
ical simulation of a flat plate boundary layer on an adiabatic wall
at M, =2.25, detailed turbulence statistics are now available for
assessing the validity of the Morkovin hypothesis for the turbulence
field. This has been carried out together with a detailed validation of
the mean field using experimental data sets that were obtained from
adiabatic and constant-temperature wall boundary conditions and
with M, varying from 2.87 to 10.31. Furthermore, a comparison
of the compressible turbulence statistics with their corresponding
quantities obtainedin two incompressibleflat plate boundary layers
at comparable Reynolds numbers is carried out. The results show
that, in the innerregion, the compressibleturbulencestatistics are es-
sentially identical to their correspondingincompressibleones. They
differonly in the bufferregion where compressibleheating promotes
turbulence, thus giving rise to more intense turbulent mixing. The
model predictionsof the mean field are in good agreementwith mea-
surements, whereas the predictions of the compressible turbulence
statistics are very similar to the model predictions of the incom-
pressible behavior. Therefore, there is indeed a dynamic similarity
of the incompressible and compressible mean and turbulence field,
and the Morkovin hypothesisis valid for both fields. The validity of
the Morkovin hypothesis rests on the assumption that the gradient
Mach number in the boundary layer is small.

Altogether, theseresults show thatthe van Driest law of the wall is
essentially valid for compressible flows over an adiabatic wall with
fairly low M. Wall cooling and high freestream Mach numbers
have the same effect on k.. Both tend to reduce the value of «.
to one that is substantially below 0.41. On the other hand, « is
determined to be 0.41 from the conventional law-of-the-wall plots
for compressible flows over an adiabatic wall up to My, =4.54. As
predictedby Eq. (18), k is parametricin M., B,, and y. The present
analysis shows that this is indeed the case. This is also true for «..
The behaviorof ¥ and k. with M, and ®,,/ ®,,,, is reproducedfairly
well. Finally, the predictive capability of the near-wall Reynolds-
stress model is achieved without having to alter any of the model
constants.
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