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Modelingof compressible wall-boundedturbulent � ows relies on the hypothesis ofMorkovin,who suggested that
compressibility effects on turbulence could be accounted for by the mean density variations alone. This hypothesis
has been shown to yield good results for the mean velocity and mean temperature � elds when the incompressible
turbulence models are extended directly to calculate compressible turbulent boundary layers. However, its ap-
plicability for the turbulence � eld has been less closely scrutinized. The reason is the lack of suf� ciently detailed
compressible turbulence data for comparison. Such data are now becoming available. Therefore, the purpose here
is to assess the applicability of the Morkovin hypothesis to the turbulence � eld using direct numerical simula-
tion data of a supersonic, � at plate boundary layer. A near-wall Reynolds-stress closure based on a quasi-linear
pressure-strain model is used to calculate this supersonic, boundary-layer � ow. Comparisons between calculations
and direct numerical simulation data show that the Morkovin hypothesis is just as applicable for the turbulence
� eld and there is a dynamic similarity between the near-wall turbulence � eld of an incompressible and a com-
pressible wall-bounded turbulent � ow. In addition, the validation of this model is reported for compressible � ow
calculations covering a wide range of Mach numbers with adiabatic and constant-temperature wall boundary
conditions. These results show that the model yields good predictions of � at-plate turbulent boundary layers up to
a Mach number of 10.31.

Introduction

T URBULENCE modeling plays an important role in computa-
tional � uid dynamics,which is used extensivelyas a tool in the

design of advanced aircraft. These aircraft are usually designed to
� y at supersonic speeds, and associatedwith the advanced designs,
a host of new problems such as shock/boundary-layer interactions
with turbulence ampli� cation and � ow separation occur. Not much
is known about these � ow problems,particularlythephysicsofwall-
boundedandseparatedcompressibleturbulence.A knowledgeof the
near-wall � ow is of crucial importance if these � ows are to be pre-
dicted. This, in turn, depends on the ability to model compressible
turbulent boundary-layer � ows. To model near-wall compressible
turbulent � ows correctly, an asymptotically correct near-wall in-
compressible turbulence model has to be formulated � rst. A fairly
complete review of incompressiblemodels has been given by So et
al.1 Altogether, eight models were reviewed. The models discussed
were quite similar in that they were based on the high-Reynolds-
number pressure-strain model of Launder et al.2 or its variations.
Some models were not asymptotically correct because they were
formulated to satisfy the exact wall boundary conditions for the
Reynolds stresses only.3;4 Others failed to predict the anisotropyof
the normal stresses near a wall.5 Still others failed to give a correct
behavior for the dissipation rate of k, the turbulent kinetic energy,
near a wall.6 – 8

A careful examination of the failures of these models and the
available experimental and direct numerical simulation (DNS)
data9– 15 reveals that several characteristics should be present in a
near-wallmodel if it is to replicatethe turbulencestatisticscorrectly.
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First and foremost is the gradual disappearance of the in� uence of
the near-wallcorrections.However, this conditionis not entirelysat-
is� ed by existing models.1 As a result, the von Kármán constant is
calculatedincorrectlyand found to dependon the Reynoldsnumber,
which is not consistentwith experimental and DNS data.16 Second,
the predicted behavior of the dissipation rate of k should have the
right trend compared with DNS data. Third, the model should yield
the correct near-wall asymptotes for the Reynolds stresses.Because
existing near-wall models fail to predict some or all of these charac-
teristics correctly, an alternative near-wall model has to be sought.
One such model has recently been put forward.17 This model is
based on the quasi-linearpressure-strain(SSG) model,18 which has
been shown to yield the logarithmic law of the wall correctly with-
out the use of pressurere� ection terms even when wall functionsare
invoked.19 The model has been validated against a wide variety of
experimental and DNS data with vastly different Reynolds number
and has been demonstrated to best reproduce the aforementioned
characteristics and the effects of Reynolds number.17;20 Therefore,
this near-wall model17 appears to be a good candidate for extension
to compressible � ows.

The extensionto compressible� ows is quite straightforwardif the
Morkovin hypothesis21 can be invoked and the equations are writ-
ten in terms of Favre-averagedvariables.This hypothesisallows for
the use of variable density extensions of existing incompressible
turbulence models to compressible turbulence. For compressible
turbulence, it is further suggested that the dissipation rate " could
be decomposed into a solenoidal part "s and a compressible part
"c so that " D "s C "c (Ref. 22). The solenoidal dissipation rate is
associated with the energy cascade; therefore it approaches the in-
compressible limit correctly. In view of this and consistentwith the
Morkovin hypothesis,"c is neglected in most formulations and " is
taken to be given by "s alone. These two approximations together
imply that the turbulencestatisticsare only altered by compressibil-
ity effects through changes in the mean density. The soundness of
these assumptionsfor the mean � eld has recentlybeendemonstrated
by a number of studies that essentially verify their validity over a
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freestreamMach number M1 range of 2.24–10.31 with adiabaticas
well as constant temperature wall boundary conditions.23– 28 How-
ever, their validity for the turbulence � eld has not been adequately
demonstrated. The conventional wisdom is that, if the hypothesis
is valid for the mean � eld, it could be assumed to be equally valid
for the turbulence� eld.23– 28 Also, the asymptoticanalyses17 used to
deduce the near-wall corrections for the Reynolds-stress equations
are carried out for incompressible � ows only. Their extension to
compressible � ows needs veri� cation.

Up to now, detailed turbulence statistics have not been used to
justify the application of the Morkovin hypothesis to the model-
ing of a compressible turbulence � eld. This is partly due to the
lack of credible measurements of compressible turbulence near a
wall, which are extremely dif� cult to obtain. With advances made
in DNS of incompressible turbulence, it is now possible to simulate
spatially evolving,compressible turbulent � ows at Reµ D U1µ=v1
of approximately 5:4 £ 103 (Ref. 29), where U1 is the freestream
velocity, µ is the momentum thickness, and v1 is the freestream
kinematic viscosity. Because the near-wall turbulence model17 has
been shown to be valid for wall-bounded � ows with low as well as
high Reynolds numbers, its extension to compressible � ows would
be best veri� ed using the most recent DNS data29 on supersonic
turbulent boundary layers. Therefore, for the � rst time, the applica-
bility of the Morkovin hypothesis to the turbulence � eld could be
examined in detail and its validity assessed.

There are three objectives in the present study: 1) to assess the
validityof the Morkovinhypothesisfor the compressible turbulence
� eld; 2) to examine the extension of the incompressible asymptotic
analyses to compressible � ows and, hence, indirectly to establish
the dynamic similarity behavior of the incompressible and com-
pressible turbulence � eld near a wall; and 3) to verify the general
validity of the near-wall Reynolds-stress model for compressible
wall-bounded turbulent � ows with a wide range of M1 and adi-
abatic as well as constant-temperature wall boundary conditions.
These objectives are accomplished by comparing the model cal-
culations with the recently obtained DNS data of a compressible
boundary layer at M1 D 2:25 on an adiabatic wall29 and other ex-
perimentalmeasurementsat M1 varying from 2.87 to more than 10
with thermal boundary conditions given by adiabatic and constant
temperature walls.30 – 35

Mean Flow Equations
For compressible turbulent � ows, the mass, momentum, and

energy equations are usually written in terms of Favre-averaged
quantities where a density-weighted average is used to decom-
pose the � uctuating quantities, besides pressure and density, into
a mass-weighted mean part and a mass-weighted � uctuating part.
On the other hand, the pressureand density are decomposedusing a
Reynolds average, which results in a Reynolds-averagedmean part
and a Reynolds-averaged � uctuating part. For any variable F , the
mass-weighted mean is denoted by QF , the mass-weighted � uctuat-
ing part by f , the Reynolds-averagedmean by NF , and the Reynolds-
averaged � uctuating part by f 0. The � uid density is taken to be ½,
the dynamic viscosity ¹, the thermal conductivity kt , the pressure
p, the velocity vector Ui , the temperature 2, the speci� c heat at
constant pressure C p , and the gas constant R. Neglecting real gas
effects, bulk viscosity,and body forces, one can express these mean
� ow equations in Cartesian tensor form for an ideal gas as

@t N½ C . N½ QUi /;i D 0 (1)

@t . N½ QUi / C . N½ QUi
QU j /; j D ¡ NP;i ¡ 2

3
. N¹ QU j; j /;i

C [ N¹. QUi; j C QU j;i /]; j ¡ . N½¿i j /; j (2)

@t . N½ NC p
Q2/ C . N½ QUi

NC p
Q2/;i D @t

NP C QUi
NP;i C Nu i

NP;i C u 0
i p0

;i

C N¾i j
QUi; j C N¾i j Nui; j C N½" ¡ . N½ NC p Q i /;i C . Nkt

Q2;i /;i (3)

NP D N½ R Q2 (4)

where @t is the time derivative,(¢/;i denotesa gradientwith respectto
the spatialcoordinatexi , the Einstein summationconventionapplies

to repeated indices, and the kinematic Reynolds-stress tensor, the
Reynolds-heat-�ux vector, and the turbulent dissipation rate are de-
� ned as ¿i j D u i u j ; Q i D ui µ , and N½" D ¾ 0

i j u
0
i; j , respectively.From

this point on, the symbol " is taken to mean either the true dissi-
pation rate in incompressible� ow or "s in compressible � ows. The
mean viscous stress tensor is given by

N¾i j D ¡ 2
3

N¹ QUk;k±i j C N¹. QUi; j C QU j;i / .5/

Additional assumptionsare made in the course of deriving Eqs. (1–

5), and these are the neglectof turbulent� uctuationsof the dynamic
viscosity, the thermal conductivity,and the speci� c heats. Also, the
velocity-pressure gradient correlation u0

i p0
;i can be written in the

equivalent form23 as

u0
i p0

;i D ¡. N½ R Q2 Nu i /;i C . N½ Rui µ/;i ¡ p0u 0
i;i .6/

From these equations, it can be seen that, to achieve closure,
models are required for ¿i j ; Q i ; ", the pressure dilatation correla-
tion p0u 0

i;i , and the mass � ux vector Nu i . The near-wall Reynolds-
stress model17 is extended to compressible � ows by invoking the
Morkovin hypothesis. Therefore, it is justi� ed to neglect p0u 0

i;i and
Nu i in the modeling of supersonic turbulent � ows. Gradient transport
is assumedfor Qi so that ¡Qi D ¡ui µ D .vt=Prt /.@ Q2=@xi /, where
vt is the eddy viscosity de� ned by vt D ¡uv=.@ QU=@y/, Prt D 0.9,
and y is the normal coordinate. Because the present objective is
to assess the appropriateness of the Morkovin hypothesis, this as-
sumption for the turbulent heat � ux is acceptable. As will be seen
in the next section, heat � ux modeling does not affect the calcula-
tions of the Reynolds stresses directly other than to in� uence the
determinationof the mean density.The same is also true of Eqs. (1–

3). Therefore, a lower-levelheat � ux model is still appropriate.One
point to note is that, when vt is evaluatednumerically,modi� cations
are made to avoid division by zero near the edge of the boundary
layers.

Modeled Reynolds-Stress Equations
The compressible Reynolds-stress equation written in the same

form as its incompressible counterpart is given by

@t . N½¿i j / C . QUk N½¿i j /;k D N½ Dv
i jk;k C N½Ci j k;k C N½ Pi j

C N½5d
i j ¡ N½"i j C N½5dl

i j C N½Mi j (7)

where N½Dv
i jk ;k D .u 0

i ¾
0
j k Cu0

j ¾
0
i k/;k and N½Ci jk ;k D ¡. N½u i u j uk C p0u 0

i ± jk

C p0u 0
j ±ki /;k are the viscous and turbulent diffusion tensors, respec-

tively; N½Pi j D .¡ N½¿ik
QU j;k ¡ N½¿ jk

QUi;k/ is the production tensor;

N½5d
i j D . p0u 0

i; j C p0u 0
j;i / ¡ 2.p0u0

k;k ±i j /=3

and

N½5dl
i j D ¡2. p0u 0

k;k±i j /=3

are the pressure strain-rate and dilatation tensors, respectively;
N½"i j D ¾ 0

i ku
0
j;k C ¾ 0

j ku
0
i;k is the viscous dissipation rate tensor; and

N½Mi j D Nu i . N¾ j k;k ¡ P; j / C Nu j . N¾i k;k ¡ P;i / is the mass � ux variation
tensor. The last two terms in Eq. (7) arise as a result of compress-
ibility and are identically zero for incompressible � ows. Therefore,
if the Morkovin hypothesis is invoked, the last two terms in Eq. (7)
should be neglectedand the turbulentdiffusion,viscousdissipation,
and pressure strain-rate correlation terms could be modeled as in
constant-density � ows. Consistent with this assumption, the term
p0u 0

i;i in Eq. (6) is also neglected.Finally, the viscous diffusion ten-
sor N½ Dv

i jk;k is approximated by . N¹¿i j;k/;k . Thus simpli� ed, Eq. (7)
can be closed by extendingthe incompressiblenear-wall model17 to
compressible � ows. Without derivation, the models for the various
terms can be generalized as

Ci j k;k D [Cs .k="/.¿kl ¿i j;l C ¿ jl ¿ki;l C ¿il ¿ j k;l /];k (8)

5d
i j D 5¤

i j C 5w
i j (9)

"i j D 2
3
"±i j C "w

i j (10)
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Here, 5¤
i j is given by the high-Reynolds-numbermodel of Speziale

et al.,18 and 5w
i j and "w

i j are near-wall corrections. The models for
these terms can now be written for compressible � ows as

5¤
i j D ¡ 2C1"CC¤

1
QP bi j CC2" bik bk j ¡ 1

3 5±i j ¡®1 Pi j ¡ 2
3

QP±i j

¡ ¯1 Di j ¡ 2
3

QP±i j ¡ 2 °1 C C ¤
3 2 5

1
2 kSi j (11)

5w
i j D fw1 2C1" C C¤

1
QP bi j ¡ C2" bik bk j ¡ 1

3 5±i j

C ®¤ Pi j ¡ 2
3

QP±i j C 2° ¤kSi j C 5P
i j (12)
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3
@
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Nv
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@xl
nkn j C @

@xl
Nv
@u j uk

@xl
nk ni

C
1

3

@

@xm
Nv
@uk ul

@xm
nk nl ni n j (13)

"w
i j D fw1 ¡

2

3
"±i j C

"

k

.¿i j C ¿i knkn j C ¿ j knkni C ni n j ¿kl nk nl /

.1 C 3¿kl nk nl=2k/

(14)

where Di j D ¡.¿i k
QUk; j C ¿ jk

QUk;i /, Si j D . QUi; j C QU j;i /=2, k D ¿ii =2 is
the turbulent kinetic energy, QP D Pii =2, and the turbulent Reynolds
number is de� ned as Ret D k2=Nv". Finally, the anisotropic tensor bi j

and the damping function are given by bi j D . ui u j ¡ 2k±i j=3/=2k
and fw1 D exp[¡.Ret =200/2], respectively.

The dissipation rate " is assumed to be approximatelyequal to "s

whose modeled equation, similar to its incompressiblecounterpart,
can be written for compressible � ows as

@t . N½"/ C . N½" QUk /;k D . N¹";k /;k C [C" N½.k="/¿ki ";i ];k

C C"1."=k/ N½ QP ¡ C"2. N½"Q"=k/ C N½» (15)

A generalization of the near-wall correcting function » for com-
pressible � ows is given by

» D fw2[¡L."=k/ QP C M .N"2=k/ ¡ N ." Q"=k/] .16/

In Eq. (16), Q" and N" are de� ned by Q" D " ¡ 2 Nv.@
p

k=@x2/2 and
N" D " ¡ 2 Nvk=x2

2 , respectively,and the damping function is given by
fw2 D exp[¡.Ret=40/2]. Finally, the boundary conditions for the
mean and turbulent velocity � eld are given by

QUi D k D ¿i j D 0; "w D 2 Nvw

@
p

k

@y

2

.17/

where y is the wall normal coordinate. The model constants are all
taken to be the same as those given for the near-wall SSG model.17

They are quoted here for reference: C1 D 1:7, C2 D 4:2; C¤
1 D 1:8,

C¤
3 D 1:3, ®1 D 0:4125, ¯1 D 0:2125, °1 D 0:01667, C" D 0:12,

C"1 D 1:50, C"2 D 1:83, ®¤ D ¡0:29, ° ¤ D 0:065, L D 2:25, M D
0.5, and N D 0:57.

Results and Discussion
The boundary-layercodeofAndersonandLewis36 is modi� ed for

the present calculations.A nonuniform grid with 101 points in the
wall normal direction is used, and the boundary layer is calculated
to the same Reµ as the data set where comparisons with data are
carried out. Therefore, the results are free of inlet condition effects
when Reµ is relatively large. Furthermore, the questionof transition
does nothave to be addressedwhen comparisonsare made at a given
Reµ . Comparisons of turbulence statistics are made solely with the
DNS data set.29 To draw conclusions on the appropriatenessof the
asymptotic analyses and the validity of the Morkovin hypothesis
for the turbulence � eld, a comparison of the turbulence � eld for
both incompressibleand compressible turbulent � at plate boundary
layers is desirable. Two sets of reliable incompressible data are
selected for this purpose; one is a set of DNS data,10 and the other
is a set of experimentalmeasurements.11 The correspondingReµ for
these two sets of data are 1:41 £ 103 and 2:42 £ 103, respectively,

and bracket the reduced Reµ of the DNS compressible � at plate
boundary-layerdata.29

Comparisons with measurements, on the other hand, are made
with the measured mean velocity, mean temperature, and C f only.
In compressible boundary layers over adiabatic walls, the mean
temperature pro� les are not measured separately. Rather, they are
interpreted from the mean velocity pro� les by assuming the total
enthalpy across the boundary layer to be constant. As a result, the
temperaturecomparisonsare not very meaningful for the � ow cases
with an adiabatic wall. From the measured mean velocity pro� les,
the von Kármán constant can be determined depending on whether
the mean velocities are reduced in the conventionalway37 or by in-
voking the van Driest transformation.38 Two von Kármán constants
are deduced, and they are denoted by · and ·c for the conventional
way and the van Driest transformation, respectively.

The conventional law of the wall37 for compressible boundary
layers can be deduced by invoking the Morkovin hypothesis,21 the
dimensionalargumentsofMillikan,39 and theassumptionof an over-
lap between the inner and outer layers. The result is given by

U C D 1

·.M¿ ; Bq ; ° /
yC

w C B.Bq ; M¿ ; ° ; Prw/ .18/

where u¿ D .¿w=½w/1=2 , yC
w D yu¿ =vw , Bq D Q tot=.½wC pu¿

Q2w/,
M¿ D u¿ =aw; Prw D .Cp¹w/=kw; aw is the sound speed evaluated
at the wall, and ° D .Cp=Cv/w is the ratio of the speci� c heats eval-
uated at the wall. Here, the subscript w is used to denote values
evaluatedat the wall, Q tot is the total heat transfer rate, and kw is the
� uid thermal conductivity evaluated at the wall. The von Kármán
constant · is parametric in M¿ ; Bq , and ° , whereas the intercept
is not only parametric in these variables but also the Prandtl num-
ber evaluated at the wall, Prw . On the other hand, according to van
Driest,38 the law of the wall for compressible boundary layers can
be written as

U C
c D

Uc

u¿

D
1
u¿

QU

0

N½
½w

1
2

d QU D
1

·c
yC

w C Bc .19/

Here, ·c is the corresponding von Kármán constant and Uc is the
transformedmean velocity.In Eq. (19), Bc is the intercept;however,
unlike B in Eq. (18), its parametricdependenceis not entirely clear.
The determinations of · and ·c are compared in Table 1, where,
in addition, the various measured and calculated C f are compared.
Note that the van Driest transformation is just another way of look-
ing at compressibleboundary layers. The validity and extent of this
transformation has not been fully veri� ed in the past. Therefore, it
would be bene� cial to compare this scaling argument with the more
traditionalapproachfor the compressibleboundary-layercases con-
sidered here.

Altogether six different � ow cases are selected to test the models.
They are the heated wall case35 where M1 D 2:87 and Q2w=2aw D
1.10, the DNS case29 where M1 D 2:25 and Q2w=2aw D 1:0, the
adiabatic wall cases30 ;31 collected in Ref. 33 where M1 D 4:54 and
10.31 and Q2w=2aw D 1:0, the slightly cooled wall case32 where
M1 D 5:29 and Q2w=2aw D 0:92, and the high M1 , highly cooled
wall case34 where M1 D 8:18 and Q2w=2aw D 0:30. Here, Q2w is the
wall temperature and 2aw is the adiabatic wall temperature.Not all
of the resultsare shown; only selectedcases are presented.However,
all measured and calculatedC f ; · , and ·c are compared in Table 1.

Turbulence Field Validation
The turbulence statistics near a wall can be expanded in terms of

y. For incompressible� ows, the near-wall variables are the friction
velocity and the normal distance from the wall.17 Furthermore, ac-
cording to the Morkovin hypothesis, compressibility effects can
be accounted for by the mean density variations alone. Therefore,
this suggests that inner layer similarity between incompressible
and compressible � ows can be compared if the near-wall vari-
ables are de� ned by including the mean density and made di-
mensionless by the � uid properties evaluated at the wall. Denot-
ing kC D N½k=½wu2

¿ ; uvC D N½uv=½wu2
¿ ; "C D N½"vw=½wu4

¿ ; and u0; v0,
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Table 1 Comparison of the calculated and measured k; kc, and Cf £ 103

Experimental/DNS data Model calculation

Reference Q2w= Q2aw M1 Reµ · ·c C f £ 103 Mg · ·c C f £ 103

34 0.3 8.18 4:6 £ 103 0.35 0.29 0.98 0.52 0.40 0.28 1.05
32 0.92 5.29 3:936 £ 103 0.48 0.34 1.31 0.28 0.44 0.29 1.12
31 1.0 10.31 1:5074 £ 104 0.54 0.28 0.24 0.21 0.58 0.29 0.20
30 1.0 4.54 5:32 £ 103 0.41 0.28 1.26 0.28 0.41 0.29 1.18
29 1.0 2.25 5:4 £ 103 0.43 0.41 2.20 0.17 0.41 0.41 2.10
11 1.0 0 2:42 £ 103 0.41 —— 3.54 0 0.41 —— 3.63
10 1.0 0 1:41 £ 103 0.41 —— 4.10 0 0.41 —— 4.01
35 1.11 2.87 8:3899 £ 104 0.52 0.37 1.10 0.13 0.51 0.35 1.15

and w0 D . N½u2=½w u2
¿ /1=2 , . N½v2=½w u2

¿ /1=2 , and . N½w2=½wu2
¿ /1=2, re-

spectively, the expansions for the turbulence statistics in terms of
yC D yC

w D yu¿ =vw can be written as

kC D ak yC2 C bk yC3 C ¢ ¢ ¢ (20a)

uvC D auv yC3 C buv yC4 C ¢ ¢ ¢ (20b)

"C D 2ak C 4bk yC C ¢ ¢ ¢ (20c)

u 0 D au yC C bu yC2 C ¢ ¢ ¢ (20d)

v 0 D av yC2 C bv yC3 C ¢ ¢ ¢ (20e)

w0 D aw yC C bw yC2 C ¢ ¢ ¢ (20f)

where ai and bi are coef� cients in the expansions for kC , uvC,
u 0, v 0, and w0. Here, yC is also used to denote yC

w for compressible
wall-bounded� ows. Therefore, the ratioskC="C yC2 and .a2

u C a2
v C

a2
w/=ak are exactly 1

2 and 2, respectively, at the wall, and u 0 and w0

vary linearly with yC , whereas v0 and kC vary quadratically with
yC . At the wall, "C is a constant. In all previous calculations of in-
compressible� ows,17 the ratios kC="C yC2 D 1

2 and .a2
u C a2

v C a2
w/=

ak D 2 are recovered correctly. This means that the near-wall
Reynolds-stress model is internally consistent and asymptotically
correct for incompressible internal and external � ows. Therefore,
any deviation from these values is an indication of the inadequacy
of the near-wall model. The present objectives are to show that
expansions (20) are also applicable for compressible � ows, which
then veri� es that there is indeed a dynamic similarity between the
incompressibleand compressibleturbulence� eld. In turn, this lends
credence to the assumption of the Morkovin hypothesis for the tur-
bulence � eld near a wall.

A two-step process is used to verify these points. The � rst step is
a comparison of the compressible turbulence � eld with an incom-
pressible � eld at about the same Reµ . To carry out this comparison,
a reduced Reµ , which is de� ned as the Reµ calculated using � uid
propertiesevaluatedat thewall rather than in the freestream,is intro-
duced. The symbol (Reµ /w is used to denote this Reynolds number.
The Reµ of the DNS data set is »5:4£103 . On reduction,the (Reµ /w

becomes 1:7 £ 103 . The incompressibledata selected are the DNS
data of Spalart10 and the measurementsof Karlssonand Johansson11

with Reµ of 1:41£103 and 2:42£103, respectively.Therefore, they
bracket the (Reµ /w of the compressible DNS data. In the following
comparisonsof the turbulencestatistics,theReynoldsnumbersspec-
i� ed are the (Reµ /w . The second step is a comparison of the model
calculationswith the DNS/experimental data for both compressible
and incompressible � ows. Because the incompressible � ow cases
have already been calculated,17 their results are used in the present
analysis.Thus, theabilityof themodel to predict incompressibleand
compressiblenear-wall turbulencecan be analysed in detail as well.

A comparison of the mean velocity in the conventional law
of the wall and the van Driest law-of-the-wall plot is shown in
Figs. 1a and 1b. Here, yC also denotes yC

w for compressible � ows.
In Fig. 1a, three sets of data and calculationsare plotted.For incom-
pressible� ow, the calculationsare in goodagreementwith DNS data
in the sublayer, the buffer, and the log-law regions. The agreement
extends to yC ¼ 200. In the log-law region, the model calculations

Fig. 1a Comparison of the U++ behavior for incompressible and com-
pressible � ows.

Fig. 1b Comparison of the U++
c behavior for compressible � ows.

and the incompressible � ow data yield a · D 0:41. For compress-
ible � ow, the calculations are in good agreement with DNS data
only in the sublayer and buffer regions. Agreement in the log layer
extendsonly to yC ¼ 100. Thereafter, the DNS data are consistently
lower than the calculation. This gives rise to different · for the log
law; for the DNS data · D 0:426 is determined,whereas · D 0:41 is
obtained for the model calculations.Up to yC ¼ 60, the incompress-
ible and compressibledata and calculationsare essentially identical.
Therefore, they show that inner layer similarity is still valid for com-
pressibleboundarylayers.The van Driest plots are shown in Fig. 1b;
only the compressibleDNS data and the modelcalculationsare plot-
ted. It can be seen that the predictions are in close agreement with
the DNS data and ·c is determined to be 0.41 for both DNS data
and model calculations. The intercept Bc thus obtained is found to
be about 5.0 also. This supports the use of a van Driest transforma-
tion for compressibleboundary layers with adiabaticwall boundary
condition at the M1 and Reµ considered.

The plots of u0; v0, and w0 are shown in Figs. 2a–2c, respectively.
They are plotted in semilog form to illustrate inner layer similarity
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Fig. 2a Comparison of the u 0 behavior for incompressible and com-
pressible � ows.

Fig. 2b Comparison of the v 0 behavior for incompressible and com-
pressible � ows.

Fig. 2c Comparison of the w0 behavior for incompressible and com-
pressible � ows.

or lack thereof. This way, the asymptoticbehaviorof the turbulence
statistics can be clearly shown. The u 0 statistics of the incompress-
ible boundary layers at two different Reynolds numbers are calcu-
lated correctly near the wall (Fig. 2a) but not the behavior of v 0

and w0 (Figs. 2b and 2c). Similar trends are also observed for the
compressible boundary layer. Note that the discrepanciesshown in
Figs. 2b and 2c for v0 and w0 are common for both incompressible
and compressible � ows and could be attributed to model de� ciency.
Inner layer similarity is displayed by the data for all turbulence
statistics shown (Figs. 2a–2c). The exception is the experimentally
measuredw0. The reasonfor this discrepancyis notknown. It cannot

be due to measurement inaccuracy; otherwise, this would be more
likely re� ected in the measurements of v0 rather than w0 because
the measurements of the wall normal component are known to be
less accurate than the streamwise and transverse components for
both hot-wire and laser Doppler anemometers. In the inner region,
the compressible DNS data are essentially identical to its incom-
pressible counterpart.The similarity region extends to yC ¼ 20, de-
pending on the statistics examined. Beyond this region, both data
sets display the same trend even though they are not in quantitative
agreementwith each other. There is one difference, though,and that
is the more prominent plateau and the higher peak.

In general, the peaks reached in the compressible statistics are
higher than the incompressible ones. This is due to compressible
heating of the � uid and is evident from the u 0; v 0, and w0 difference
between the compressible and incompressible data in the region
20 < yC < 1000. The model calculations also show a similar heat-
ing effect in the v 0 component (Fig. 2b). However, the extent is very
limited, and the intensity is much less, particularlyaround the peak
region. Consequently, the peaks in the calculated turbulence statis-
tics are lower than those shown in the DNS data.The heating effects
are derived from the neglected term p0u0

i;i in Eqs. (6) and (7) and
the terms Nu i ; N½5dl

i j , and N½Mi j in Eq. (7). Prominent in these
neglected terms is p0u0

i;i , which is identically zero for incom-
pressible � ow but � nite for compressible � ow. The term u 0

i;i is
the divergence of the Reynolds � uctuating velocity and represents
the volume change resulting from compressibility. Therefore, the
term p0u 0

i;i represents pressure dilatation resulting from compress-
ible heating effects. It is obvious that the model, which is based on a
set of simpli� ed equations, fails to replicate the compressible heat-
ing effectscorrectly.If these effects are to be accountedfor properly,
most likely the neglected terms, such as p0u0

i;i ; Nu i ; N½5dl
i j ; N½Mi j , etc.,

have to be restored in Eq. (7). In spite of this discrepancy, it can
be said that the assumption of dynamic similarity of the turbulence
� eld between compressible and incompressible� ows is still appro-
priate. Therefore, the Morkovin hypothesis can also be assumed to
be approximately valid for the turbulence � eld, at least in the inner
region, 0 < yC < 20.

Recently, the work of Sarkar40 and Simone et al.41 suggested that
compressibility effects distinct from the variation of mean density
occur when the gradient Mach number Mg , de� ned with respect to
the mean velocity gradient, a turbulence length scale, and the local
speed of sound, is of order 1 and that Mg is small in the supersonic
boundary layer but not in the supersonic shear layer. For compress-
ible boundary layers, Mg can be written as Mg D M1.C f =2/1=2=· .
The Mg thuscalculatedfor thecasesconsideredhereare also listedin
Table1. It canbe seen that Mg D 0:17 for theDNS case (M1 D 2:25),
but it reaches 0.52 for the highly cooled case where M1 D 8:18.
For the latter case, the maximum mean temperature Q2 within the
boundary layer is about � ve times that of the freestream tempera-
ture 21, whereas it is only about 2.5 times for the DNS case (see
discussion in the following section). Therefore, the effect due to
mean density variation will be proportionally larger for the highly
cooled case. Even though Mg D 0:52, it is expected that the stabiliz-
ing effect of compressibility will still be relatively small compared
with the mean density effects. Together, these results, plus the mean
� eld comparisons to be shown later, indicate that, for the cases con-
sidered here, compressibility effects are mainly derived from the
variation of mean density, or the stabilizing effect of compressibil-
ity on turbulence is not apparent. In other words, the Morkovin
hypothesis could still be considered valid for the cases calculated
here.

The compressible DNS uvC data (Fig. 3) show inner layer simi-
larity with the incompressiblecounterpartup to yC » 20. However,
consistent with the other turbulent normal stress comparisons, the
peak is higher than the correspondingincompressiblepeak value; in
a certain region its value exceedsunityby about1.5%. This suggests
that the actual peak value for uvC is close to unity, and the results
computedhere representslight inaccuraciesin the simulationresolu-
tion or in the postprocessingof scaling quantitiessuch as u¿ . Model
calculationsof uvC follow the DNS data very closely(Fig. 3) except
in a regionaround the peak.This discrepancycan againbe attributed
to the inability of the model to account for the compressibleheating
effects correctly. The model calculations of the incompressible kC
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Table 2 Comparisons of the asymptotic behavior of the turbulence statistics near a wall

Data Model calculations

Reµ auv=au av ak a2
u=ak .a2

v =ak/ £ 103 a2
w=ak auv=auav ak a2

u=ak .a2
v =ak / £ 103 a2

w =ak

1:41 £ 103 0.27 0.13 1.43 0.8 0.58 0.057 0.144 1.36 21.4 0.64
2:42 £ 103 0.33 0.13 1.72 2.0 0.31 0.068 0.148 1.36 21.3 0.64
1:7 £ 103 0.37 0.11 1.47 0.45 0.52 0.13 0.133 1.30 13.8 0.60

Fig. 3 Comparison of the ¡ uv++ behavior for incompressible and com-
pressible � ows.

Fig. 4 Comparison of the k++ behavior for incompressible and com-
pressible � ows.

exhibit a plateauand are in agreementwith the incompressibleDNS
and experimental data (Fig. 4). On the other hand, the compressible
DNS result for kC shows a much higher peak and a less prominent
plateau. The disappearanceof the plateau in the DNS data is proba-
bly due to compressible heating, which tends to promote turbulent
mixing. Because the model calculation cannot fully replicate this
effect, the predictions are not in good agreement with DNS data in
this region. Inner layer similarity is again displayed by all data and
calculations up to yC » 20.

The asymptotic behavior of the turbulence statistics as given by
the leading coef� cients in Eq. (20) is also examined. These coef� -
cients are determined from the data and the model calculations and
are listed in Table 2 for comparison. It can be seen that the coef� -
cients for the compressiblecase are essentially the same as those for
the incompressiblecases. Also, with the exceptionof the prediction
of av , the other calculated results are in fair agreement with the data
for both compressible and incompressibleboundary-layer� ows. In
spite of the pooragreementshownin Fig. 2c forw0, the calculatedaw

is in fair agreement with the data. This result is consistent because
aw is determined using values limited to yC < 3, whereas the noted
discrepancystarts from this point. Further, the discrepancybetween

Fig. 5 Comparison of the P++ behavior for incompressible and com-
pressible � ows.

Fig. 6 Comparison of the "++ behavior for incompressible and com-
pressible � ows.

the calculated value of auv=auav and the data is due mainly to the
incorrectpredictionsof av rather than auv . As expected, the asymp-
totic behavior as de� ned by Eq. (20) and the ratios kC="C yC2 D 1

2
and .a2

u C a2
v C a2

w/=ak D 2 are again calculated correctly (Table 2).
This is evident from the calculatedcompressible"C

w , which is 0.270
compared with an ak D 0:133.

The production and dissipation of k are shown in Figs. 5 and 6.
These quantitiesare normalized by u¿ and the � uid properties eval-
uated at the wall. In Fig. 5, consistent with the thin shear layer
approximations,only PC D ¡uvC.@U C=@yC/ is shown.For incom-
pressible � ows, the PC distributions should collapse into a single
curve,16 and this has been further veri� ed over a wide range of
Reynolds numbers.20 Also, the location and the peak of the maxi-
mum productionrate do not vary with Reynoldsnumber.For incom-
pressible � ows,20 it can be shown that the peak asymptotes to 0.25
as Re ! 1. The model calculationsand DNS data of the compress-
ible � ow case examined are in good agreement with each other and
display the same behavioras the incompressible� ow dataandcalcu-
lations.However, the peak is greater than 0.25, a consequenceof the
higher peak reached in the compressible uvC distribution (Fig. 3).
This peak is also predicted by the near-wall Reynolds-stressmodel.



SO, GATSKI, AND SOMMER 1589

The good agreement between the predicted PC and DNS data is a
consequence of the underpredictionof uvC and the overprediction
of the mean velocitygradient.The latter fact is supportedby the pre-
dicted · of 0.41 compared with the DNS value of · D 0:426. The
location of the maximum productionrate is in good agreementwith
its incompressible counterpart and occurs at yC ¼ 10. This result
lends further credence to the Morkovin hypothesis for the turbu-
lence � eld.

On the other hand, the DNS "s is not in complete agreement
with the incompresible � ow data (Fig. 6) as in the PC comparison.
The "s distribution does not display a plateau and is lower than the
incompressible". Taking "c into account fails to improve the agree-
ment by much because it is very small compared with "s . Both the
incompressibleandcompressiblemodel calculationsand the incom-
pressibledata display such a plateau in the region 7 < yC < 12. This
region approximately corresponds to the location of the PC maxi-
mum shown in Fig. 5. In spite of these differences,the compressible
DNS data for "C show a rise to a wall value of 0.227 and are very
close to those given by the incompressible � ow. The compressible
part of the dissipation rate has very little effect on the predictions
of other turbulence statistics; therefore, its neglect is quite justi-
� ed in compressible turbulencemodeling applicable to � ows in the
parameter range studied here.

Mean Field Validation
The selected mean � ow results are compared in the following

manner. Plots of the conventionallaw of the wall and the van Driest
law of the wall are shown in parts a and b of each � gure. In the
van Driest plots, Eq. (19) is also shown for comparison so that
the agreement or lack thereof between Eq. (19) and measurements
can be clearly illustrated. The mean temperatures for the adiabatic
wall cases are not compared because they are inferred from the
mean velocity measurements. However, the mean temperatures of

Fig. 7a Comparison of the conventional law-of-the-wall plot with
measurements.

Fig. 7b Comparison of the van Driest law-of-the-wall plot with mea-
surements.

Fig. 8 Comparison of the mean temperature with measurements in
linear plot.

the heatedandcooledwall casesaremeasured independentlyand are
compared in linear plots with model calculations.In the linearplots,
the mean temperature is plotted vs y=±r , where ±r is the boundary-
layer thickness determined from either the measurements or the
calculations.

The measured and calculated velocity pro� les of the heated wall
case35 are shown in Figs. 7a and 7b, and the C f ; · , and ·c are com-
pared in Table 1. The von Kármán constants are determined us-
ing Eqs. (18) and (19) and by following the procedure outlined in
Ref. 37. It can be seen that themodelpredictionis in goodagreement
with the conventionalas well as the van Driest law of the wall. As far
as the predictionof C f is concerned,the modeled result is within 5%
of the measured C f . The model predictionof the mean temperature
is in error (Fig. 8). This could be due to the fact that a constantPrt is
assumed. According to Sommer et al.,42 the turbulent Prandtl num-
ber is not constant even for incompressible � ow with heat transfer
where the temperaturedifference is of the order of 20±C. Therefore,
there is no good reason to expect the constant Prt assumption to be
completely valid in this case. Sommer et al.26;27 have applied their
incompressible variable turbulent Prandtl number model42 to cal-
culate compressible � ows using a two-equation model as well as a
Reynolds-stressmodel, and slightly improved agreementwith mea-
surements was obtained compared with those given by the constant
Prt assumption. Perhaps improved results could also be obtained
with the present Reynolds-stress model if the variable Prt model40

is used to model the turbulent heat � ux. In terms of · and ·c , the
agreement between calculations and measurements is fairly good,
and for this wall heating case, · and ·c are determined to be quite
different.Their values differ from 0.41;· is more like 0.51,whereas
·c is approximately 0.37 (Table 1). This means that the van Driest
law of the wall is not quite applicable even for a compressible � ow
over a slightly heated wall at fairly low M1.

Three cases, ranging in M1 from 2.25 to 10.31, are calculatedfor
the adiabatic wall boundary condition.Unlike the heated wall case,
where Reµ D 8:3899 £ 104 , the Reynolds number at the location
where measurements are available varies from a low of 5:32 £ 103

to a high of 1:5074 £ 104. These values are listed in Table 1. The
comparisonsbetween model calculationsand measurements for the
M1 D 10:31 case31 are given in Figs. 9a and 9b, whereas the calcu-
lated C f ; · , and ·c for all three cases are again listed in Table 1 for
comparisons with measurements. At low M1 (Fig. 1), the model
calculations are essentially identical, and the · and ·c thus deter-
mined are about the same. The calculated C f for the M1 D 2:25
case is smaller than the DNS data by about 5%. This amount of
discrepancy is consistent with the agreement shown in the mean
velocity plots (Figs. 1a and 1b). On the other hand, the calculations
are in good agreement with data for the M1 D 4:54 case (Table 1).
At M1 D 10:31, theconventionallaw-of-the-wallplots of the model
calculationsare not in agreementwith measurements (Fig. 9a). This
is due mainly to an underestimationofC f , which is in error by about
17%. When the comparisonsare made in linear and van Driest plots
(Fig. 9b), the calculations correlate well with measurements. Ac-
cording to Huang et al.,28 this underestimation could be attributed
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Fig. 9a Comparison of the conventional law-of-the-wallplot with mea-
surements.

Fig. 9b Comparison of the van Driest law-of-the-wall plot with mea-
surements.

to low-Reynolds-number effects on the wake � ow not being taken
into accountproperly.If they were taken into account, the wall shear
would have been calculated correctly.28 The discrepancy noted in
Fig. 9a could also be attributed to the neglect of the compressible
term in the modeled equationsand the assumptionof a constantPrt ,
whichmay notbevalidat thesehigh M1 .BecausePrt is knownto in-
crease sharplyas a wall is approached,26 the incorrectestimateof C f

by the near-wall Reynolds-stressmodel could be partiallyattributed
to the constant Prt assumption. At this M1; ·c is signi� cantly dif-
ferent from 0.41.Consequently,the data pointsdo not follow the van
Driest law of the wall (Fig. 9b). On the other hand, the conventional
law of the wall with a · parametric in M¿ can still be used to corre-
late the mean velocity.The · thus determined is substantially larger
than 0.41 (Table 1). Based on these comparisons, it can be said that
the van Driest law of the wall is perhapsmost valid for compressible
� ows over an adiabatic wall with low-to-medium M1.

Two � ow cases covering medium-to-high M1 and near adia-
batic wall to highly cooled wall boundary conditions are also cal-
culated. One is the slightly cooled wall case32 with M1 D 5:29 and
Q2w=2aw D 0:92, and another is the highly cooled wall case34 with
M1 D 8:18 and Q2w=2aw D 0:30. The model calculationsare in fair
agreement with measurements (Figs. 10a and 10b) even though C f

is underpredicted by as much as 14% in the M1 D 5:29 case and
slightly overestimated for the M1 D 8:18 case. In view of this, the
semilog plots of the mean velocity lie above the measured data for
the M1 D 5:29 caseand belowthe measureddata for the M1 D 8:18
case (Fig. 10a). Again, the mean velocities in the van Driest plots
are in good agreement with measurements (Fig. 10b). The mean
temperature prediction,on the other hand, correlates very well with
measurements (Fig. 11), and the agreement is even better than that
shown for the heated wall case in Fig. 8. Perhaps relaxing the as-
sumption of a constant Prt could improve the predictionof C f . The

Fig. 10a Comparison of the conventional law-of-the-wall plot with
measurements.

Fig. 10b Comparison of the van Driest law-of-the-wall plot with mea-
surements.

Fig. 11 Comparison of the mean temperature with measurements in
linear plot.

various ·c determined from the measurements deviate signi� cantly
from0.41 (Table 1). Even at Q2w=2aw D 0:92,·c is found to be about
0.34. In other words, the van Driest law of the wall cannot suitably
describethe log-lawregion if ·c is takento be0.41.The conventional
law of the wall shows that · is also dependent on the total heat � ux,
and hence it should vary as the wall temperature ratio decreases.
Both the data and the calculationsshow that · is indeed decreasing
as M1 increases and the wall temperature ratio decreases. The er-
rors in the predicted · are larger than the other cases, but this could
be due to the assumptionof a constantPrt which is more applicable
to � ows over an adiabatic wall than to � ows over a cooled wall.

Finally, theasymptoticvaluesof kC="C yC2 and .a2
u C a2

v Ca2
w /=ak

are calculated to be 1
2 and 2, respectively, thus indicating that the
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asymptoticanalysescarriedout for incompressible� ows are equally
applicable for compressible � ows, even at these high M1.

Conclusions
A near-wall Reynolds-stressclosure based on the SSG pressure-

strainmodelwas extendedto calculateturbulentcompressible� ows.
The extensionwas carriedout by invokingthe Morkovinhypothesis.
Although the Morkovinhypothesishas been invokedbefore and has
proven to be valid for the mean � eld, its suitabilityfor the turbulence
� eld has not been demonstrated. With data from the direct numer-
ical simulation of a � at plate boundary layer on an adiabatic wall
at M1 D 2:25, detailed turbulence statistics are now available for
assessing the validity of the Morkovinhypothesisfor the turbulence
� eld. This has been carriedout togetherwith a detailedvalidationof
the mean � eld using experimentaldata sets that were obtained from
adiabatic and constant-temperature wall boundary conditions and
with M1 varying from 2.87 to 10.31. Furthermore, a comparison
of the compressible turbulence statistics with their corresponding
quantitiesobtained in two incompressible� at plate boundary layers
at comparable Reynolds numbers is carried out. The results show
that, in the innerregion,the compressibleturbulencestatisticsare es-
sentially identical to their correspondingincompressibleones.They
differonly in thebufferregionwherecompressibleheatingpromotes
turbulence, thus giving rise to more intense turbulent mixing. The
model predictionsof the mean � eld are in goodagreementwith mea-
surements, whereas the predictions of the compressible turbulence
statistics are very similar to the model predictions of the incom-
pressible behavior. Therefore, there is indeed a dynamic similarity
of the incompressible and compressible mean and turbulence � eld,
and the Morkovinhypothesis is valid for both � elds. The validity of
the Morkovin hypothesis rests on the assumption that the gradient
Mach number in the boundary layer is small.

Altogether,theseresults show that the vanDriest law of thewall is
essentially valid for compressible � ows over an adiabatic wall with
fairly low M1. Wall cooling and high freestream Mach numbers
have the same effect on ·c. Both tend to reduce the value of ·c

to one that is substantially below 0.41. On the other hand, · is
determined to be 0.41 from the conventional law-of-the-wall plots
for compressible � ows over an adiabatic wall up to M1 D 4:54. As
predictedby Eq. (18), · is parametric in M¿ , Bq , and ° . The present
analysis shows that this is indeed the case. This is also true for ·c.
The behaviorof · and ·c with M1 and Q2w=2aw is reproducedfairly
well. Finally, the predictive capability of the near-wall Reynolds-
stress model is achieved without having to alter any of the model
constants.

Acknowledgments
Part of this work was carried out at Arizona State Universitywith

support from NASA Langley Research Center under Grant NAG-
1-1080. The paper was completed after the � rst author moved to
the Hong Kong PolytechnicUniversity.Therefore, supportgiven by
these two organizations is gratefully acknowledged.

References
1So, R. M. C., Lai, Y. G., Zhang, H. S., and Hwang, B. C., “Second-Order

Near-Wall Turbulence Closures: A Review,” AIAA Journal, Vol. 29, 1991,
pp. 1819–1835.

2Launder, B. C., Reece, G. J., and Rodi,W., “Progress in the Development
of a Reynolds-Stress Turbulence Closure,” Journalof Fluid Mechanics, Vol.
68, 1975, pp. 537–566.

3Hanjalic, K., and Launder, B. E., “Contribution Towards a Reynolds-
Stress Closure for Low-Reynolds-Number Turbulence,” Journal of Fluid
Mechanics, Vol. 74, 1976, pp. 593–610.

4Prud’homme, M., and Elghobashi,S., “Prediction of Wall-Bounded Tur-
bulent Flows with an Improved Version of a Reynolds-Stress Model,” Pro-
ceedings of the 4th Symposium on Turbulent Shear Flows, 1983 (Paper 1.2).

5So, R. M. C., and Yoo, G. J., “On the Modeling of Low-Reynolds-
Number Turbulence,” NASA CR-3994, 1986.

6Shima, N., “A Reynolds-StressModel for Near-Wall and Low-Reynolds-
Number Regions,”JournalofFluidsEngineering, Vol. 110,1988,pp.38–44.

7Launder, B. E., and Shima, N., “Second-Moment Closure for the Near-
Wall Sublayer:Development and Application,”AIAA Journal, Vol. 27, 1989,
pp. 1319–1325.

8Lai, Y. G., and So, R. M. C., “On Near-Wall Turbulent Flow Modeling,”
Journal of Fluid Mechanics, Vol. 221, 1990, pp. 641–673.

9Kim, J., Moin,P., and Moser,R. D., “TurbulenceStatistics inFullyDevel-
oped Channel Flow at Low ReynoldsNumber,” Journal of Fluid Mechanics,
Vol. 177, 1987, pp. 133–186.

10Spalart, P. R., “Direct Simulation of a Turbulent Boundary Layer up to
Rµ D 1410,” Journal of Fluid Mechanics, Vol. 187, 1988, pp. 61–98.

11Karlsson, R. I., and Johansson, T. G., “LDV Measurements of Higher
Order Moments of Velocity Fluctuations in a Turbulent Boundary Layer,”
Laser Anemometry in Fluid Mechanics, edited by D. F. G. Durao et al.,
Ladoan—Instituto Superior Tecnico, Portugal, 1988, pp. 273–289.

12Alfredsson, P. H., Johansson, A. V., Haritonidis, J. H., and Eckelmann,
H., “The Fluctuating Wall Shear Stress and the Velocity Field in the Viscous
Sublayer,” Physics of Fluids, Vol. 31, 1988, pp. 1026–1033.

13Wei, T., and Willmarth, W. W., “Reynolds-NumberEffects on the Struc-
ture of a Turbulent Channel Flow,” Journal of Fluid Mechanics, Vol. 204,
1989, pp. 57–95.

14Nishino, K., and Kasagi, N., “Turbulence Statistics Measurements in a
Two-DimensionalChannel Flow Using a Three-Dimensional Particle Track-
ing Velocimeter,” Proceedings of the 7th Symposium on Turbulent Shear
Flows, 1989 (Paper 22).

15Durst, F., Jovanovic, J., and Sender, J., “Detailed Measurements of the
Near Wall Region of Turbulent Pipe Flows,” Proceedings of the 9th Sym-
posium on Turbulent Shear Flows, 1993 (Paper 2.2).

16Bandyopadhyay,P. R., and Gad-el-Hak, M., “ReynoldsNumber Effects
in Wall-Bounded Turbulent Flows,” U.S. Naval Undersea Warfare Center
Div., NUWC-NPT TR 10296, Newport, RI, 1994.

17So, R. M. C., Aksoy, H., Sommer, T. P., and Yuan, S. P., “Development
of a Near-Wall Reynolds-Stress Closure Based on the SSG Model for the
Pressure Strain,” NASA CR-4618, 1994.

18Speziale, C. G., Sarkar, S., and Gatski, T. B., “Modeling the Pressure-
Strain Correlation of Turbulence: An Invariant Dynamical Systems Ap-
proach,” Journal of Fluid Mechanics, Vol. 227, 1991, pp. 245–272.

19Demuren, A. O., and Sarkar, S., “Perspective: Systematic Study of
Reynolds Stress Closure Models in the Computations of Plane Channel
Flows,” Journal of Fluids Engineering, Vol. 115, 1993, pp. 5–12.

20So, R. M. C., Aksoy, H., Sommer, T. P., and Yuan, S. P., “Modeling
Reynolds Number Effects in Wall-Bounded Turbulent Flows,” Journal of
Fluids Engineering, Vol. 118, 1996, pp. 260–267.

21Morkovin, M., “Effects of Compressibility on Turbulent Flows,”
Mecanique de la Turbulence, edited by A. Favre, Gordon and Breach, New
York, 1962, pp. 367–380.

22Sarkar, S., Erlebacher, G., Hussaini, M. Y., and Kreiss, H. O., “The
Analysis and Modeling of Dilatational Terms in Compressible Turbulence,”
Journal of Fluid Mechanics, Vol. 227, 1991, pp. 473–493.

23Speziale, C. G., and Sarkar, S., “Second-Order Closure Models for Su-
personic Turbulent Flows,” AIAA Paper 91-0217, 1991.

24Zhang, H. S., So, R. M. C., Speziale, C. G., and Lai, Y. G., “A Near-Wall
Two-Equation Model for Compressible Turbulent Flows,” AIAA Journal,
Vol. 31, 1993, pp. 196–199.

25Zhang, H. S., So, R. M. C., Gatski, T. B., and Speziale, C. G., “A Near-
Wall Second-Order Closure for Compressible Turbulent Flows,” Near-Wall
Turbulent Flows, edited by R. M. C. So, C. G. Speziale, and B. E. Launder,
Elsevier, Amsterdam, 1993, pp. 209–218.

26Sommer, T. P., So, R. M. C., and Zhang, H. S., “A Near-Wall Variable-
Prandtl-NumberTurbulenceModel for CompressibleFlows,”AIAA Journal,
Vol. 31, No. 1, 1993, pp. 27–35.

27Sommer, T. P., So, R. M. C., and Zhang,H. S., “SupersonicFlow Calcu-
lations Using a Reynolds-Stress and a Thermal Eddy Diffusivity Turbulence
Model,” Journal of Fluids Engineering, Vol. 116, 1994, pp. 469– 476.

28Huang, P. G., Bradshaw, P., and Coakley, T. J., “A Skin Friction and
Velocity Pro� leFamily forCompressibleTurbulentBoundaryLayers,”AIAA
Journal, Vol. 31, 1993, pp. 1600–1604.

29Rai, M. M., Gatski, T. B., and Erlebacher, G., “Direct Simulations of
Spatially Evolving Supersonic Turbulent Boundary Layers” (submitted for
publication).

30Coles, D., “Measurements of Turbulent Friction on a Smooth Flat Plate
in Supersonic Flow,” Journal of the Aeronautical Sciences, Vol. 21, No. 6,
1954, pp. 433– 448.

31Watson, R. D., Harris, J. E., and Anders, J. B., “Measurements in a Tran-
sitional/Turbulent Mach 10 Boundary Layer at High Reynolds Numbers,”
AIAA Paper 73-165, 1973.

32Winkler, E. M., and Cha, M. H., “Investigation of Flat Plate Hypersonic
Turbulent Boundary Layers with Heat Transfer at a Mach Number of 5.2,”
NOL NAVORD Rept. 6631, 1959.

33Fernholz, H. H., and Finley, P. J., “A Critical Compilation of Compress-
ible Turbulent Boundary Layer Data,” AGARDograph 223, 1977.

34Kussoy, M. I., and Horstman, K. C., “Documentation of Two- and
Three-Dimensional Shock-Wave Turbulent-Boundary-Layer Interaction
Flows at Mach 8.2,” NASA TM-103838,1991.

35Spina, E. F., and Smits, A. J., “Organized Structures in a Compressible,
Turbulent Boundary Layer,” Journal of Fluid Mechanics, Vol. 182, 1987,
pp. 85–109.



1592 SO, GATSKI, AND SOMMER

36Anderson, E. C., and Lewis, C. H., “Laminar or Turbulent Boundary-
Layer Flows of Perfect Gases or Reacting Gas Mixtures in Chemical Equi-
librium,” NASA CR-1893, 1971.

37So, R. M. C., Zhang, H. S., Gatski, T. B., and Speziale, C. G., “On
Logarithmic Laws for Compressible Turbulent Boundary Layers,” AIAA
Journal, Vol. 32, 1994, pp. 2162–2168.

38van Driest, E. R., “Turbulent Boundary Layer in Compressible Fluids,”
Journal of the Aeronautical Sciences, Vol. 18, 1951, pp. 145–160.

39Millikan, C. B., “A Critical Discussion of Turbulent Flow in Channels
and Circular Pipes,” Proceedings of the Fifth International Congress on
Applied Mechanics, Wiley, New York, 1939, pp. 386–392.

40Sarkar, S., “TheStabilizingEffect ofCompressibilityinTurbulentShear

Flow,” Journal of Fluid Mechanics, Vol. 282, 1995, pp. 163–186.
41Simone,A., Coleman,G. N., and Cambon, C., “The Effect ofCompress-

ibility on Turbulent Shear Flow: A Rapid-Distortion-Theory and Direct-
Numerical-Simulation Study,” Journal of Fluid Mechanics, Vol. 330, 1997,
pp. 307–338.

42Sommer, T. P., So, R. M. C., and Lai, Y. G., “A Near-Wall Two-Equation
Model for Turbulent Heat Fluxes,” International Journal of Heat and Mass
Transfer, Vol. 35, 1992, pp. 3375–3387.

C. G. Speziale
Associate Editor


